ABSTRACT. In this work theoretical foundations of the Fourier Transform Band Pass Filter (FTBPF) technique are developed which show that such procedure is applicable to extraction of irregular monochromatic oscillations with time-varying amplitudes and phases from the analyzed signal data. Considerations concerning the statistical error of the FTBPF coherence between two filtered oscillations are included. Further certain method of the filter pass-band width parameter determination is proposed and relation between applying the FTBPF to realvalued signals and forming the so called complex-valued analytic oscillations based on the Hilbert transform is indicated.
The present work is supposed to be a continuation of author's previous publications Popiński and Kosek (1995) , Popiński (1997) on theoretical, statistical, as well as numerical properties of Fourier Transform Band Pass Filter (FTBPF) technique. This time the work deals with the problem whether the considered filtering procedure can give us an image of temporal evolution of irregular oscillations with variable amplitudes and phases, present in the analyzed time series (section 2). Investigations on a related subject using ideas based on the Fourier Transform, complex demodulation and tapering were already published by Hasan (1983) and Park (1992) .
Having filtered oscillations from two time series using the FTBPF one can compute their correlation coefficient i.e. their coherence in the chosen filter frequency band Koopmans (1974) . The problem of FTBPF coherence statistical significance is dealt with in section 3 by deriving an estimate of the coherence statistical error and indicating its basic properties Koopmans (1974) .
Since choosing proper spectral pass-band width parameter of the filter is a crucial matter for precise filtering of the examined oscillations from the available time series Popiński and Kosek (1995) , a method of selecting pass-band width value is proposed in section 4 and hints for its numerical implementation are included.
In section 5 relationship between filtering oscillations from real-valued signals using the FTBPF and forming complex-valued analytic oscillations form real-valued ones with appliance of the Hilbert transform as their imaginary component is indicated Gasquet and Witomski (1999) .
THEORETICAL PROPERTIES OF THE FTBPF
The FTBPF is used to filter a narrow-band oscillation with chosen central frequency 
. As an example of the transmittance function one can choose the simple boxcar function Speed (1985) 
is the filter pass-band width parameter.
The FTBPF filtration technique with the use of such transmittance functions is directly related to the Harmonic Wavelet Transform (HWT) Newland (1993 Newland ( , 1994 Newland ( , 1998 . In the HWT the coefficients of the analyzed signal ) (t x , corresponding to the selected harmonic
as assumed earlier. The last inequality together with linearity of the CFT assures that filtering of oscillations using the FTBPF technique is a linear operation continuous in the ) ( 2 R L norm.
Observe now that for sufficiently regular transmittance functions like the ones mentioned above we immediately obtain from the definition of the inverse CFT Bremaud (2002) 
, respectively, are given by the corresponding formulae:
The graphs of the chosen harmonic wavelet CFTs (FTBPF transmittance functions) are presented in Fig. 1 
. This means that depending on the transmittance function the FTBPF passes only monochromatic oscillations with SO Z Z In practice only time series of the analyzed signal observation values at discrete time moments
, is available and then we can compute its Discrete Fourier 
and its computation for 1 ,..., 1 , 0 N W , can be performed using the inverse DFT. In consequence, for calculating the approximate values of the HWT coefficients or equivalently the approximate FTBPF oscillation values one can use the Fast Fourier Transform procedures Press et al. (1992) , Singleton (1969) . Of course, applying the DFT definition in (4) yields analogously as in (2) alternative time domain formula for the filtered oscillation values or the HWT coefficients
The approximate values of the HWT coefficients determined in accordance with formula (4) allow us to estimate how strongly the analyzed signal is correlated with succeeding time domain translations ) 
, since we deal with time series data with sampling interval 1 't Koopmans (1974) . This important property does not follow directly from the formula (1) defining the band pass filtration technique considered here.
For calculation of correlation coefficients of oscillations filtered from time series data by the FTBPF it is also important that the mean values of such oscillations are always zero. Indeed, by (4) we have
Furthermore, applying the Schwartz inequality Bremaud (2002) to (4) Gasquet and Witomski (1999) , which is also derived in the next section. Hence, we see that computing the vector of the approximate oscillation values ) ,
, is a linear operation continuous in the euclidean norm and simultaneously we obtain an estimate of the filtered oscillation energy.
FTBPF COHERENCE AND ITS STATISTICAL ERROR
Coherence is recognized as a measure of similarity of two signals in a chosen frequency band Koopmans (1974) . For example in research on polar motion excitation one often compares the oscillations filtered from geodetic excitation functions determined from polar coordinates data with analogous oscillations filtered from geophysical excitation data like the equatorial component of atmospheric angular momentum Kosek and Popiński (1999) , Popiński and Kosek (2000) . If we denote oscillations filtered using the same FTBPF with central frequency 
where
In view of the earlier mentioned relation between the FTBPF and the HWT the above formula defines also the frequency dependent HWT coherence Popiński and Kosek (2000) . According to formula (4) we easily obtain Gasquet and Witomski (1999) 
holds for P Q z , and consequently using the Kronecker delta symbol we can write
, which finally gives
Analogously, we can obtain the formulae 
. In consequence, taking into account (7) and (8) 
Hence, we still have to compute the expectation in the numerator. According to (7), having in view the equalities 
which together with (10) gives the following approximate lower bound for the RMS error of coherence magnitude )
The same lower bound can be obtained if we use the Schwartz inequality for sums approximating the integrals in (9). It is easy to see that for the boxcar transmittance function ) , 0
we have equality in the Schwartz inequality, so then we also have approximate equality in (11). As it was already remarked after deriving equations ( 
DETERMINATION OF THE OPTIMAL FILTER PASS-BAND WIDTH
In section 2 it was assumed that the analyzed signal represented by the function x and the considered harmonic wavelet functions h are elements of the Hilbert space ) ( 2 R L . It is a well-known fact from the theory of Hilbert spaces that the squared norm Since in the HWT we compute the values of the scalar products between x and succeeding time domain translations of the wavelet function ) ( (2), (5), (8) 
Similar measure of optimality was proposed in the work Candès et al. (2008) in the context of detecting oscillatory signals. Let us observe that using the Plancherel identity and discretizing the frequency domain integral by summation with step N / 2S
gives us an approximation h can not be computed analytically. The proposed approach to optimal filter pass-band width determination can be applied in the case of time series in which frequencies of interest can be satisfactorily resolved.
RELATION TO ANALYTIC SIGNAL BASED ON THE HILBERT TRANSFORM
The aim of this section is to highlight on the problem of filtering oscillations from real-valued signals and show its relationship with forming their complex-valued counterparts using the Hilbert transform. In the case of a square integrable real- Gasquet and Witomski (1999) , where the signum function is defined as follows , which is not a restrictive condition, then we also have 2 
DISCUSSION OF RESULTS
The aspects of the FTBPF technique described in this work were not, as far as the author knows, the subject of any other publication on filtration methods used in time series analysis.
Since in the present work we relate the FTBPF technique to the Harmonic Wavelet Transform Newland (1998) it is also connected with research on using different approach to filtering of irregular oscillations, based on the wavelet transform Fabert (2004) , Fabert and Schmidt (2003) .
It is worth remarking that the way of deriving the estimate of the FTBPF or the HWT coherence statistical error applied in the present work is also applicable in the case of the Morlet Wavelet Transform (MWT) coherence Popiński and Kosek (2000) or the Stockwell STransform coherence Gibson et al. (2006) , Stockwell (2007) , Stockwell et al. (1996) . This follows from the fact that the frequency domain formula for the Continuous Wavelet Transform coefficients with respect to the Morlet wavelet is analogous to the formula on the right hand side of (2), namely Gasquet and Witomski (1999) Kulesh et al. (2008) , Popiński and Kosek (2000) . Derivation analogous to that of section 3 leads to the following estimate of the frequency dependent MWT coherence statistical error Van Milligen (1999) . The validity of the above formula was confirmed by the Monte Carlo experiments carried out in the work Popiński and Kosek (2000) . Taking into account the direct relation between the MWT and the Stockwell S-transform Gibson et al. (2006) it is an easy task to modify the above formula for the statistical error to obtain one that is valid in the case of the STransform.
